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Abstrat
In a previous paper (hep-th/0306142) we have started to explore the
holographi priniple in the ase of asymptotially at spae-times and
analyzed in partiular dierent aspets of the Bondi-Metzner-Sahs
(BMS) group, namely the asymptoti symmetry group of any asymp-
totially at spae-time. We ontinue this investigation in this paper.
Having in mind a S-matrix approah with future and past null innity
playing the role of holographi sreens on whih the BMS group ats,
we onnet the IR setors of the gravitational eld with the representa-
tion theory of the BMS group. We analyze the (ompliated) mapping
between bulk and boundary symmetries pointing out dierenes with
respet to the AdS/CFT set up. Finally we onstrut a BMS phase
spae and a free hamiltonian for elds transforming w.r.t BMS repre-
sentations. The last step is supposed to be an explorative investigation
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1 Introdution
The Holographi Priniple gives a preise, general and surprisingly strong
limit on the information ontent of spae-time regions. Indeed, it seems to
predit that in any theory ontaining gravity, bulk degrees of freedom an
be enoded holographially on lower dimensional boundaries and arranged
in suh a way to give a peuliar upper bound to the total number of indepen-
dent quantum states. The latter are indeed supposed to grow exponentially
with the surfae area rather than with the volume of the system.
In a previous paper [1℄, we have explored the holographi priniple in the
ontext of asymptotially at spae-times (notie that a dierent approah
has been reently proposed in [2℄ and [3℄). We have onsidered quite in de-
tail the asymptoti symmetry group of any asymptotially at spae-time,
namely the Bondi-Metzner-Sahs (BMS) group. In partiular we have de-
rived the ovariant wave equations for elds arrying BMS representations
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and made qualitative links between bulk and boundary symmetries.
The purpose of this paper is to ontinue suh investigations along similar
lines. The proposal is that holography in asymptotially at spae-times is
implemented via a S-matrix relating data enoded on future and past null
innity and that the symmetry group ating on suh holographi sreens is
indeed the BMS group. We then onsider dierent aspets whih (we be-
lieve) have to taken into aount in suh a framework.
The paper is organized as follows: In Setion 2 we give a brief review of the
BMS group and of its properties. For more details we refer to our previous
work [1℄, where we tried to make a self ontained introdution to the BMS
group.
In Setion 3 we explain in general terms the S-matrix approah we follow. We
underline similarities with 't Hooft [4℄ approah for the holographi desrip-
tion of blak holes and in partiular with Ashtekar asymptoti quantization
program [5℄. We point out at the same time the dierene with the AdS/CFT
set up, the latter representing a beautiful realization of holography in asymp-
totially Anti de Sitter spae-times.
In Setion 4 we onsider the IR setors of the gravitational eld and their
link with the BMS group originally proposed by Ashtekar (again in [5℄).
First we review the issue of IR setors in general and their standard re-
summation via Kinoshita-Lee-Neuenberg (KLN) theorem. We revisit the
Kulish-Faddeev approah [6℄ for QED, an alternative method in whih IR
setors are not summed and one ends up with ompliated asymptoti states.
We then show how to generalize the latter to the gravitational eld and we
make a onnetion between the IR setors of the gravitational eld and the
BMS representation theory.
In Setion 5 we use dierent results to analyze how bulk and boundary sym-
metries are related in a ompliated way. We show in partiular the strong
dependene on the asymptotis of spae-time, in agreement with the holo-
graphi priniple.
In Setion 6 we reall a geometrial piture of the BMS group using the na-
tural ber bundle struture of null innity. This is useful if one has in mind
to onstrut a boundary theory with elds arrying BMS indies.
Setion 7 (more tehnial) represents a preliminary attempt to onstrut a
theory based on the BMS group. We therefore onstrut a BMS phase spae,
a free BMS hamiltonian and analyze similarities and dierenes with respet
to the Poinaré ase.
We nally end up with some onluding remarks and outlooks.
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2 Brief review of the BMS group
In this setion we briey review the BMS group and some of its properties.
We refer to our previous paper [1℄ and referenes therein for a detailed de-
sription.
The BMS group is the asymptoti symmetry group of any asymptotially
at spae-times. It an also be shown that it is the isometry group of null
innity ℑ preserving its inner degenerate metri and the strong onformal
geometry, the latter representing a generalized version for a null hypersur-
fae of the ordinary onept of angle.
In four dimensions
3
, where ℑ ∼ S2 ×R, the BMS is given by the semidiret
produt of the (onneted omponent of the homogeneous) Lorentz group
with the abelian group of real funtions on the 2-sphere losed under addi-
tion.
4
It is therefore similar to the Poinaré group even if the translation
subgroup is now enlarged to the so alled super-translations, i.e. funtions
on the two sphere: expanding them into spherial harmonis we now have
an innite number of oeients entering in the expansion, while in the ase
of translations we would have kept only four of them. One therefore has an
innite dimensional group instead of the ten dimensional Poinaré group.
This is ounterintuitive: one would have expeted the Poinaré group sine
gravity is "weak" at innity and this situation is also intriguing from the
point of view of the holographi priniple, being quite dierent with respet
to asymptotially (A)dS spae-times.
Working with the double over of the Lorentz group (so as to get projetive
representations as in standard quantum mehanis) the BMS group is thus
BMS = ST ⋉ SL(2,C)
where ST = L2(S2) are the super-translations. If we hoose a loal hart
(u, θ, ϕ) on ℑ, any element lying in the BMS group an be written as
(Λ(θ, ϕ), α(θ, ϕ)), Λ representing a onformal motion on the two sphere and
3
The BMS group hanges aording to the dimension of bulk spae-time beause of
the dimension dependent fall-o properties of elds. In the whole paper we will always
onsider four dimensional bulk spae-times. In addition we use the anonial denition
[7℄ of null innity ℑ, assuming omplete generators and ℑ ∼ S2 × R. In priniple it is
also possible to relax these properties [8℄; the asymptoti symmetry group is in this ase
dierent from the BMS in and may not even exists. All these ases, however, turn out to
be quite unphysial and in general they do not exhibit gravitational radiation.
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As suggested in [9℄ and referenes therein, one has the freedom to hoose a suitable
topology on the set of maps f : S2 → ℜ: one an impose a "nulear topology", i.e.
f ∈ C∞(S2), or an Hilbert topology i.e. f ∈ L2(S2). From now on we onsider the latter
and refer to [1℄, [10℄ for an analysis of the dierenes between the two senarios.
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α a super-translation. Choosing then a point x on the 2-sphere, the ompo-
sition law between two group elements is
(α1,Λ1)(α2,Λ2) = (α1 + Λ1α2,Λ1Λ2), (1)
Λ1α2(x) = KΛ(x)α2(Λ
−1x), (2)
where KΛ(x) is a onformal fator (see [1℄ for a denition). There is no
referene to the "u oordinate" in the group transformation law. This reets
the peuliar nature of ℑ whih an be seen as a null sub-manifold of any
asymptotially at spae-time with degenerate metri
ds2 = 0 · du2 + dθ2 + sin2 θdϕ2,
where "u" plays the role of an ane parameter (we will return to this point
in Setion 6).
Reall that the BMS group ontains a unique four-parameter subgroup, the
translations T4 ⊂ ST ; however it is not possible to extrat a unique Poinaré
subgroup from the BMS group even if ISO(3, 1) ⊂ BMS. On the other hand
one has
g−1ISO(3, 1)g = ISO(3, 1).
for any element g ∈ BMS and in partiular for any pure super-translation
(i.e. an element lying in ST/T4). Thus there are as many inequivalent Poin-
aré sub-groups ontained in the BMS group as the number of elements of
ST/T4.
3 S-matrix approah for asymptotially at spae-
times as a natural arena for the BMS group
The most natural way to formulate holography in any asymptotially at
spae-time seems to be via a S-matrix mapping data olleted on past and
future null innity respetively. These "sreens" an be thought as abstrat
manifolds on their own and the S-matrix is the operator mapping two Hilbert
spaes assoiated with past/future null innity.
The onstrution of this operator is an enormously diult task. We as-
sume, however, that suh a map exists, satises some natural requirements
and analyze thus the onsequenes.
This is similar to the strategy advoated by 't Hooft [4℄ with the S-matrix
Ansatz for the physis of the near horizon region of blak holes, namely a
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map onneting data enoded on the past and future horizons.
We will see rst of all that the IR setors of the gravitational elds have to
be onsidered with are when onstruting suh a map. Most important, the
natural symmetry group ating on the sreens ℑ+,ℑ− is preisely the BMS
group. We will try to see if one an make onnetions between this group
and bulk symmetries and to understand better what kind of elds live on
the sreens and are supposed to transform with respet to BMS "indies".
A similar approah has been proposed by Ashtekar [5℄ and goes under the
name of "asymptoti quantization", even if by that time the holographi
perspetive was not yet known. The main idea in that ase is to promote
to operators ertain asymptoti quantities assoiated with the gravitational
eld like the news tensor, the magneti mass and similar. If these represent
the omplete set of observables to be quantized, this is still not lear. We
nevertheless would like to make a link between some of these results and the
representation theory of the BMS group, the latter having being studied in
great detail. We believe indeed that a better understanding of the boundary
symmetries and their link with the bulk ones might be useful in a potential
desription of holography. In addition, thinking in term of path integral,
all these observables should have a "weight" in the sum over histories and
therefore it is worth taking them into aount.
There is of ourse a sharp dierene with respet the well known AdS/CFT
orrespondene. Banks [11℄ and others, in partiular Witten [12℄, have
stressed (in a strong way) suh dierenes pointing out that the dual the-
ory has to be something non loal or similar in the asymptotially at ase.
We will follow this point of view and as a onsequene we would like to see
holography in asymptotially at spae-times not as the at spae limit of
AdS/CFT orrespondene.
4 BMS and gravitational IR setors
The onnetion between IR setors of the gravitational eld and the BMS
group has been pointed out by Ashtekar several years ago in [5℄, where a
detailed analysis is given.
Here we simply reall the nal result and then make a ontat with the rep-
resentation theory of the BMS group, piking out the BMS representations
orresponding to the IR setors of the gravitational eld.
Before doing this, however, we make a brief exursus reviewing rst the
resummation of IR setors normally performed in QED via Kinoshita-Lee-
Neuenberg (KLN) theorem and also the interesting approah proposed by
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Kulish and Faddeev [6℄, an alternative method to get an IR-nite S-matrix
for QED keeping this time into aount preisely the infrared setors.
We show then how to generalize the latter to the gravitational ase to see
expliitly the emergene of IR setors and then move to the disussion of the
IR setors in the BMS framework.
4.1 IR setors in general and their ommon treatment via
KLN theorem
IR eets are normally assoiated with "soft" partiles or "ollinear" jets of
partiles. The former are due to the fat that any partile an be aompa-
nied by an arbitrary number of massless partiles with vanishing momentum:
suh a olletion will be indistinguishable from the partile alone if the mea-
sured quantum numbers are the same. Collinear jets, on the other hand, are
due to the fat that any massless partile an be indistinguishable from an
arbitrary number of massless partiles with the same total momentum and
with the same sign of energy if their momenta are all proportional sine they
all travel in the same diretion at the same speed.
Both these eets should then be taken into aount in the onstrution of
the asymptoti states, though one normally proeeds in a dierent way. In-
deed, to any order in perturbation theory only a nite number of potentially
IR partiles ontribute and this fat is the starting point of the well know
KLN theorem: to get IR nite ross setions one is instruted to sum over
both initial and nal degenerate states whih are soures of potential IR
eets. The S-matrix in turn will be IR nite. When summing over these
degenerate states one has to introdue a ertain resolution in energy and
angles, related to the auray of the experimental apparatus. One tait
assumption of the KLN theorem is that it is only the sum over initial/nal
states whih is experimentally measurable [13℄.
4.2 Asymptoti states and IR setors: the QED example
An alternative and interesting way to get an IR nite S-matrix has been
proposed several years ago by Kulish and Faddeev [6℄. We just revisit the
essential steps referring to the original work for a detailed desription.
The main point is the following: one has a total hamiltonian
H = H0 +Hint (3)
where H0 is the free hamiltonian while Hint is the interation piee whih
does not vanish at asymptoti times due to the long range Coulomb potential
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desribing the eletromagneti eld. The idea is then to onsider a new
hamiltonian where one modies the interation part so that it vanishes at
innity. In this ase, however, also the free hamiltonian is modied and
beomes muh more ompliated. This is the "prie" one has to pay to get
an IR free S-matrix.
One has therefore to dene new elds and states and this is done "dressing"
the old ones by ating on them with a Moller operator. The new elds φ′,
for instane, will be expressed in term of the old ones φ as
φ′ = UφU−1 (4)
and one an show that U, the Moller operator, is







where Hasym is the asymptoti hamiltonian, whih is obtained by onsidering
the limit of the usual interation hamiltonian (of QED in this ase) at large
times.
5
Note that the limit is not taken on the urrent alone onstruted from
eletron elds, but it is a limit involving the photon eld too. The dierent
piees entering into the hamiltonian will ontain terms like eiat and for large
times only those in whih a goes to zero will survive. Note that one assumes
small photon momentum in the omputation and therefore an set it to
zero in all slowly momentum varying funtions like reation and annihilation
operators. At the end of the day, the photon eld will be unhanged and one
has an asymptoti urrent oupled to it giving the asymptoti hamiltonian.
The asymptoti urrent is ovariant by onstrution and has support on the
trajetory of a lassial harge density moving uniformly with respet to an
"asymptoti" proper time.
After straightforward manipulations one an reast the Moller operator in
the form
U(τ) = exp(−iφ(τ)) exp(−R(τ)) (6)
The rst term on the r.h.s is simply the relativisti Coulomb phase fator
assoiated with the long range Coulomb potential. The seond piee rep-
resents the radiative operator desribing the modiation of the asymptoti
states. One nds than that the photon propagator is unhanged while the
eletron-positron one hanges and ontains a so alled distortion operator.
The poles in turn transform into a branh points and this is due to the pho-
ton louds surrounding the harged partiles.
5T− is just a time ordering operator whih orders operators with time inreasing from
left to right.
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One an show then that the radiative operator transforms the usual Fok
vetor into a oherent state vetor [14℄ and the orresponding oherent spae
is not unitarily equivalent to a Fok spae. At the end of the day these oher-
ent states represent the IR setors of the eletromagneti eld. The Hilbert
spae is however still separable.










i.e. the exponent of a linear form of annihilation and reation operators of
















If the series appearing in the rst term on the r.h.s is nite one has an
ordinary Fok spae. If not one has a oherent state spae. One an see that
this is what happens in QED sine the series diverges in the IR limit and
the divergene annot be eliminated by a renormalization proedure.
4.3 Emergene of oherent states in the ase of gravity
We proeed in analogy with QED. We want to show that oherent states
desribing soft gravitons appear as well when disussing infrared singularities
in the self energy of gravitons. We therefore limit our analysis to the leading
order approximation. The derivation follows exatly the same steps of the
original work of Kulish and Faddeev [6℄, one the appropriate interation
hamiltonian has been hosen.
Consider then linearized gravity, i.e. take
gµν = ηµν + γhµν (9)
with hµν desribing the weak gravitational eld. We then plug the metri
into the Einstein ation and expand up to trilinear order, sine we need
to take the limit of an interation hamiltonian. In this ase we onsider
graviton self-interations. We trunate the expansion to the third order
sine higher order terms would redue the number of energy denominators
whih are responsible for the IR divergenies and therefore also the degree
of divergene [13℄. Reall as said that we simply want to extrat the leading
order.
9







(ǫµν(k, λ) exp(−ikx)hkλ + c.c.) (10)
and onsider then the asymptoti large time limit of the orresponding in-
teration hamiltonian. We an isolate the leading IR part using previous
experiene with Kulish-Faddeev work. One easily observes that in this ase
the leading terms will ontain two hard gravitons and one soft photons. One
an then obtain a drasti redution of terms making a lever hoie of gauge.
Normally one employs the so alled De-Donder (harmoni) gauge. However,
using the similarity of GR with YM and remembering that in the latter
ase [15℄ the interation hamiltonian simplies in the axial gauge. we use
the same gauge also for gravity. Plugging into the interation hamiltonian
the graviton expansion one an further neglet - among the leading terms
ontaining as said one soft (with momentum kµ) and two hard gravitons
(with momenta qµ) - all terms proportional to soft momenta but also those
ontaining ηµνǫµν and q
µǫµν , these expressions vanishing beause of the





















Inserting the result in (5) one gets after a straightforward manipulation an
expression of the form















W and its hermitian onjugate are linear with respet to the annihilation
and reation operators of the soft gravitons. Realling the disussion after
(7) we therefore see that, again due to IR problems, the soft gravitons live in
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a oherent vetor spae not unitarily equivalent to a Fok spae. We see the
expliit emergene of non trivial IR setors in the ase of the gravitational
eld as well.
Now having in mind the holographi priniple one would like to have a har-
aterization of the IR setors at null innity starting however diretly from
the radiative degrees of freedom at innity. But this is preisely the frame-
work proposed by Ashtekar [5℄ where the BMS plays then a ruial role in
the universal lassiation of the IR setors. Note also that in this way one
avoids the Fourier transformation to annihilator and reator operators whih
would depend on the details of the asymptotis of spae-time.
Before moving to the desription of IR setors via BMS, we would like to
point out the sharp dierene with respet to asymptotially Anti de Sitter
(AdS) spae-times. In the latter ase the boundary is time-like and one has
the vanishing of gravitational Bondi news [16℄, whih as we will see below
are related to the IR setors of the gravitational radiation. This has remark-
able onsequenes in terms of the denition of the Cauhy problem ensuring
the uniqueness of the solution [17℄. In the ase of null innity, on the other
hand, the non vanishing Bondi news brings about geodesi deviation even
for an arbitrary small energy ux [18℄. Radiation at innity is therefore a
ooperative phenomenon whih annot be traed to the individual partile
elds and as we will see the rih IR struture is embedded in a ompliate
way in the BMS group representations.
4.4 Gravitational eld IR setors and their BMS desription
Aording to Ashtekar analysis the IR setors of the gravitational eld are




duNµν(u, θ, φ) (15)
where Nµν is
6
the news tensor, a sort of ovariant version of the news fun-
tion of Sahs et. al. measuring the amount of radiation at null innity (see
below for a more preise onnetion with the radiative phase spae of the
gravitational eld).
In partiular when Qµν = 0 then one has a trivial IR setor and a Fok spae
desription of the soft gravitons; when it is a non vanishing, one has a oher-
ent state of soft gravitons, mathematially desribed by representations not
6
Here µ, ν = (u, θ, φ)
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Fok equivalent (realized via Ge'lfand-Nairmark-Segal (GNS) onstrution
in more formal terms). These are the non trivial setors of the gravitational
eld.
Qµν is thus isomorphi to ST/T, i.e. to purely super-translations. Before
ommenting on this, we observe that from physial point of view this means
that Qµν tells us how muh good uts are super-translated due to gravita-
tional radiation. In other words Qµν represents the obstrution to redue to
Poinaré group and an be then thought as a sort of internal harge, just
like in 1+1 massless QFT models where one has indeed additional non Fok
representations assoiated with a "topologial" harge desribing non trivial
IR setors [19℄.
We onsider therefore in more detail the link between the "harge" Qµν and
ST/T, i.e. purely super-translations of the BMS group.
Reall that the news tensor is always given by Nµν = −2Lnγµν where γµν
represent the radiative modes of the gravitational eld at null innity [5℄ and
Ln is the Lie derivative w.r.t the normal of ℑ. It an be shown in turn that
γµν expresses the dierene of onnetions D (the news tensor is just the
eld strength) dened at null innity. Now the radiative modes belong to
an ordinary Fok graviton spae if the inner produt dened on the orres-
ponding phase spae of radiative modes is nite. This onditions are shown
to be realized preisely when Qµν = 0 and in terms of radiative modes when
δγ = γµν(u =∞)−γµν(u = −∞) = 0, i.e. same onnetions D
0
desribing a
lassial vauum both at u =∞ and u = −∞. However, one an show that
under a translation the lassial vauum is invariant, while one an "jump"
from one vauum to another preisely by mean of a super-translation. There-
fore when δγ is non vanishing, i.e. in turn Qµν is non zero, one has moved
from one lassial vauum to another via a super-translation and this is due
to the presene of gravitational radiation as said many times.
Note that the radiative modes of the gravitational eld γµν are exat so-
lutions of Einstein equations as one approahes null innity and naturally
sees the BMS group. In the onventional treatment, on the other hand, one
onsiders small utuations hµν around at spae-time and the ovariane
is with respet to the latter, i.e. the usual Poinaré group.
We now make a onnetion with the BMS representation theory. We have to
pik out the purely super-translational representations in ST/T. The latter
is an innite dimensional and not normal subgroup ontrary to the BMS
translation subgroup . Let I = SO(3, 1) ⋉ ST
T 4
. A diret study of the theory
of representations in [20℄, [21℄ and of the wave equations in [1℄ shows that
the spin degrees of freedom labelling a BMS eld are not neessarily related
to I but they are related to the representations indued from the BMS little
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groups; moreover in [21℄ it was shown that the theory of representations for
the group I an be diretly derived from the equivalent theory for the full
BMS group; in partiular a representation of I is equivalent to an unfaithful
representation of the BMS group and thus it is indued as well from a little
group through Makey theory. Sine the abelian subgroup of I is equivalent
to ST , we an easily see that all the little groups of BMS are as well little
group of I with the only exeption of SU(2).
It is straightforward to extend the above onsiderations from the BMS group
to the I group thus onluding that all the BMS little groups are as well I
little groups with the only exeption of SU(2) sine it would have a vanishing
xed point. All these representations are unfaithful.
Note that the group I was originally proposed by Komar [22℄ to desribe
internal symmetries of elementary partiles- a perspetive whih was then
abandoned. We onsider again the same group whih stands indeed for an
internal harge, but labels the IR setors of the gravitational eld.
In partiular notie that they turn out to have a rih and ompliated stru-
ture. We nd intriguing the presene of non-onneted little groups, telling
us that the gravitational eld at innity in these ases exhibits somehow
a sort of "hristallographi" strutures beause of these super-translations
assoiated with non onneted groups. The presene of this mixture of spins
from BMS reps theory reeives also now a better lariation, sine they are
assoiated to ongurations of soft gravitons appearing as a oherent super-
position of multi spins, the latter onept being somewhat diult to aept
when referred as by Komar to elementary partiles.
5 Bulk-boundary symmetries
A key aspet of AdS/CFT orrespondene is the mathing between bulk
and boundary symmetries. In the ase of asymptotially at spae-times
the situation is denitively more ompliated. We give here a qualitative
piture pointing out in partiular the role of the gravitational radiation at
null innity, whih makes enormously diult to dene a preise mapping
between bulk and boundary symmetries.
Before proeeding note that using the freedom in the hoie of sreen one
ould as well selet i0, i.e. spatial innity. Here one has again an innite
dimensional asymptoti symmetry group, the so alled Spi group (see [23℄
and [45℄) and remarkably one an pik out a anonial Poinaré subgroup
group hoosing suitable boundary onditions. i0 is however just a point
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attahed to the Penrose diagram and not the natural boundary of spaetime
as ℑ; in addition it aptures the Coulomb part of bulk elds, not the radiative
aspets we are interested in.
Consider then the bulk isometry algebra B; it an be deomposed [24℄,[8℄ into
the diret sum of τ plus B/τ , with τ representing bulk Killing vetors elds





on ℑ these turn out to be BMS translations. Therefore BMS super-
translations are not originated from bulk symmetries in this ase. However,
this ondition is too strong in general and when it is not imposed bulk
symmetries an give rise eetively to boundary BMS super-translations.
Comparing for instane with AdS3/CFT2 orrespondene we see similarity
but also great dierene: in that ase one also has an innite dimensional
onformal group on the two dimensional boundary (one suitable b.. are
hosen) and apparently there is a mismath with the SL(2, R) × SL(2, R)
AdS3 bulk isometry group. However only the the generators L−1, L0, L1 of
the orresponding Virasoro algebra annihilate the vauum and the others,
not arising from physial spae-time symmetries, are supposed to desribe
exited states, therefore are spetrum generating. Similar onsiderations
apply for AdS/CFT on oset spaes [25℄,[26℄ with degenerate boundaries.
In the ase of asymptotially at spae-times, however, bulk symmetries an
give rise to super-translations. More preisely one an atually show that
(in the un-physial spae-time)
∇(aξb) = Kgab +ΩXab. (16)
On the boundary the last term on the r.h.s. learly vanishes so the quantity
Xab an be interpreted as the failure of the BMS generator to arise from a




Xhab = αNab, (17)












Ω2β = nana (19)
7
Reall Kabcd = Ω
−1Cabcd with Ω the onformal fator, Cabcd the Weyl tensor and n
a
the normal on ℑ.
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and
Ωσ = na∇aα. (20)
Notie that the vanishing of Xab depends in a non trivial way from the
size α of the BMS group. Reall that "time" translations are generated by
α(θ, φ)∂/∂u the size being arbitrary on eah ber. So the time evolutions is
related with the issue of bulk-boundary symmetries in a ompliated way.
In addition observe that the quantities β and σ ontain information about
the generator na and the onformal fator Ω: the perolation of light rays
lose to the boundary is therefore related again to the issue of symmetry
mapping.
We see how ruial is the asymptoti region of spae-time in the holographi
priniple and how ompliated is in the ase of asymptotially at spae-
times.
One an further show that B/τ orresponds to a Lorentz subalgebra ating
on the S2 spheres setions of the null boundary. Some of these Lorentz sub-
algebras are indeed the little groups of the BMS representation theory but
some not therefore making diult to realize an intriguing bulk-boundary
mathing.
6 Geometrial desription of ℑ and of its "Fields"
In a S-matrix approah with data stored at past and future null innity
ovariane on these two "sreens" is expressed in terms of the BMS group,
whih haraterizes intrinsially ℑ and its universal geometry. An elegant,
geometrial and oordinate independent desription of ℑ appears in [27℄.
This helps us to understand the notion of BMS elds and eventually of the
"BMS hamiltonian" onstruted out of them.
Aording to this geometrial interpretation, one ℑ is given a natural ber
bundle struture, with base spae S2, a unique and universal haraterization
of the BMS group is obtained. Namely, a BMS symmetry transformation
is simply the lift of the onformal motions on S2 to ℑ ∼ R × S2, with the
requirement that a (2,2) tensor S on ℑ is preserved8. This restrits the lift
and the funtion α(θ, φ) -the "size" of the BMS group- is the only remnant
of the freedom in the lifting.
Given thus a onformal motion on the sphere one lifts it to ℑ: at xed
8
Using oordinates one has Sabcd = qcdn
anb with qab indued metri on ℑ and n
a
the nor-
mal, preisely the same tensor whih enters in [28℄ in the denition of universal geometry
of ℑ.
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angles one moves along R, i.e. "the time", (the size α being dierent on eah
ber!) while hanging the angles one will jump to another ber. On this
ber bundle struture one denes a (p,q) tensor eld whih is then a eld
arrying BMS indies by onstrution.
We would like to observe that u is an ane parameter not a oordinate
(reeting the degeneray of the ℑ) and one does not really have a time
evolution. This further supports a S-matrix desription mapping two Hilbert
spaes assoiated with past and future null innity respetively, whih are
supposed to be "kinematial" the dynamis being given by the S-matrix.
The data are olleted on the two dimensional S2 setions and moving along
u is just a way to label them.
7 BMS Phase spae, hamiltonian and Poinaré re-
dutions
As we have pointed out many times in the previous Setions, the symmetry
group whih naturally lives on ℑ is the BMS group. Boundary elds should
therefore arry indies w.r.t suh a group. In this setion we begin to on-
strut suh elds and their free hamiltonian, making omparison with the
Poinaré ase at the end.
This setion is quite tehnial. The main point, however, is that what is
quite unonventional is not the fat that we have to do with an innite di-
mensional group (after all this is quite ommon in string theory or similar
approahes sine gravity introdues many degrees of freedom [46℄) but the
issue of the time evolution. Roughly this means moving along u, v oordi-
nates on future and past innity respetively. It is here that the degenerate
nature of ℑ enters into the game. Despite the fat that there is some addi-
tional struture on ℑ, namely the strong onformal geometry preserved by
the BMS, this is quite "poor" ompared with usual non degenerate metris.
The super-translation enlargement, when looked from boundary point of
view, is a onsequene of this lak of struture. This is responsible for the
various departures from onventional QFT as pointed out below.
7.1 Canonial and ovariant phase spae
Aording to the previous onsiderations one should proeed in a oordinate
independent way to onstrut the BMS phase spae. The presription (of
great generality) whih gives the so alled ovariant phase spae is desribed
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in the elegant works [29℄,[30℄ whih we follow for our purposes.
In order to desribe the key onepts, let us onsider rst for simpliity a
salar eld and reall that the anonial phase spae is given by
Γ = {ϕ, π} .
where ϕ = φ |Σ3 is the value of the eld on a suitable three dimensional
spae-like hyper-surfae and π is the onjugate momentum. This is normally
realized via a 3+1 splitting of spae-time in the usual ADM like framework.
In the BMS invariant system that we onsider suh approah is diult to
apply sine it is not evident how to single out a "time diretion" due to the
degeneray of null innity.
Nonetheless there is another way to deal with a phase spae whih goes
under the name of ovariant phase spae. The latter is the set of solutions
(up to some regularity onditions) of the lassial equation of motions
9
. For
a salar eld, one has
Γs =
{




Let us stress that in this speial ase, there is a full equivalene between
Γs and Γ whih an be proved observing in turn that there is a one to one
orrespondene between the set of solution of Klein-Gordon equation and
the set of initial data hosen on a generi Σ3 hyper-surfae [31℄. In a general
framework instead, the ovariant phase spae Γs is a subset of Γ and whereas
the rst takes into aount all the kinematially possible ongurations, the
latter desribes the dynamially possible ongurations for the elds.
A key dierene between the anonial and the ovariant phase spae that
we wish to emphasize is that, whereas the former breaks the symmetries
of the system, the latter by onstrution preserve it. Furthermore, let us
emphasize that, in the framework of general relativity and more generally
in dieomorphism ovariant lagrangian eld theories, the ovariant phase
spae is the natural playground where to analyze the general relationship
between loal symmetries and onstraints and it has allowed for a full de-
nition of onserved quantities in partiular on future and past null innity
[32℄,[33℄,[34℄.
9
Notie that in an Hamiltonian framework, one identies the solutions of the equation
of motions as integral urves of the hamiltonian itself. This interpretation does no longer
apply to the ovariant phase spae where from one side it is still possible to study the
time development of a system through its hamiltonian vetor eld whereas from the other,
the hamiltonian ow takes us from one solution (i.e. a point) in the phase spae to a
dierent solution innitesimally lose. Within this approah the study and the properties
of physial system goes as in the standard piture.
17
7.2 BMS phase spae
To onstrut a phase spae for a BMS eld we need to onsider BMS ovariant
wave equations. These have been derived in our previous paper [1℄ and
disussed in great detail.
Relying then on previous onsiderations, one has that the BMS invariant
phase spae has to be
ΓBMS =
{
φ : N = L2(S2)→ C | φ ∈ L2(O)⊗Hλ
with π(α)φ(α) = φ(α)
}
, (21)
where O is an orbit for one of the little groups and Hλ is an Hilbert spae
isomorphi to C
(2j1+1)(2j2+1)
arrying an SL(2,C) label λ = (j1, j2) . Reall
[1℄ that the spae N is the super-momentum spae, i.e. the BMS equivalent
of the spae of pµ vetors of the Poinaré ase. Furthermore let us stress
that the equations of motion are two-folds: from one side we have the sup-
port ondition on the orbit (i.e. φ ∈ L2(O)) for the wave equation whih is
the equivalent in the BMS ase to the Klein-Gordon equation for a Poinaré
eld while the other represents the ortho-projetion π(α)φ(α) = φ(α) whih
piks out some omponents in C
(2j1+1)(2j2+1)
, i.e. a subspae C
m
, arrying
a representation of the orresponding little group. Notie also that a nie
feature of the BMS group is that all the little groups are ompat and thus
the struture of (21) is in some sense universal. On the other hand, in the
Poinaré ase, massless eld live on the orbit SL(2,C)/E(2) and arry un-
faithful(!) representations of the non ompat little group E(2),3
Furthermore, notie that in (21) the ovariant wave equations are rst lass
onstraints so that the ovariant phase spae is a linear omplex Hilbert
spae; therefore, one an introdue a anonial strongly non degenerate sym-
pleti two form on the innite dimensional manifold ΓBMS [36℄:










Tehnially speaking, the situation for massless elds is rather ompliated and a
orret understanding of the sympleti phase spae and of the physial degrees of freedom
requires to mod out gauge degrees of freedom via Marsden-Weinstein redution theorem
[35℄.
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where dτ is the natural measure indued on O (for the BMS orbits see [20℄,
[21℄) and µ is an index labelling the omponent of the funtion φ in Hλ (for
an analogue onstrution in the Poinaré ontext see [37℄) .
At the end of the day we are dealing with a ovariant phase spae (21)
endowed with the above sympleti form. We an now proeed with the
onstrution of the orresponding (free) hamiltonian.
7.3 BMS free Hamiltonian
We follow Cherno and Marsden [38℄ (see also [39℄). In partiular reall
that, whenever we deal with a phase spae E with the struture of a omplex
Hilbert spae endowed with a sympleti form Ω invariant under the ation
of a one parameter group G with generator A, we an assoiate to a eld





In partiular, if we onsider a phase spae invariant under the ation of a Lie
group G with Lie algebra g whose generators satisfy the usual ommutation
relation
[ζa, ζb] = fabcζ
c,
it possible to assoiate to eah generator ζa the one parameter group Ut(ζa) =
etζa and ζa ats on the elements of the phase spae through the Lie derivative
Lζa . Bearing in mind the above remarks and the natural onnetion between
the indued hamiltonian ation and the Makey onstrution of indued
representations [40℄, we an apply the onstrution to the elds assoiated
to the BMS group whose Lie algebra is known [41℄:
bms = sl(2,C)⊕ L2(S2).
Moreover let us stress that the exponentiation of this innite dimensional
Hilbert-Lie algebra is stritly related to the global properties of ℑ, in parti-
ular to the ompleteness of the geodesi generators of the boundary whih
grant us that ℑ is globally and not only loally S2 × ℜ. Eventually for any
BMS eld, we an dene through (23) an Hamiltonian funtion assoiated















In the next Setion we omment further on the above energy funtion, more
speially on its relation with the Poinaré energy funtions.
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7.4 BMS vs Poinaré
We point out in the following dierenes and similarities between BMS and
Poinaré group. We use the results of [1℄ and of the previous sub-setions fo-
using in partiular on the massive and massless representations. We hoose
the little group SU(2) desribing massive partiles and then on SO(2) de-
sribing massless partiles. Similar onsiderations extend to the other little
groups both in the massive and massless ase.
SU(2) massive ase
The assoiated wave equations live on an orbit isomorphi to ℜ3 and they
transform under a representation of the full Lorentz group whereas the equa-
tion of motions are an Hilbert spae redution. Taking into aount (21),
the ovariant phase spae assoiated with SU(2) respetively in the BMS

























One has that the homogeneous spae where the partile live is the same
in both ases and also the equations of motion are related: if we redue
performing a Lorentz transformation the projetion equation from a generi
value of respetively φ and p to the xed point on the orbit (i.e. the enter
of mass), one has ([1℄,[42℄) respetively πψ(p¯) = ψ(p¯) and πψ(φ¯) = ψ(φ¯)
where p¯ is the four momentum pµ = (m, 0, 0, 0) in T 4 and φ¯ = m is the
onstant super-translation. Thus in the BMS ase there is a vanishing pure
super-translational part.
Interestingly the BMS xed point is ompletely equivalent to the Poinaré
xed point.
Despite the similarity, however, dierenes appear when we onsider the
hamiltonian for the massive partile beause the sympleti form assoiated
to the phase spae (26) is invariant under the Poinaré group whereas the
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sympleti form assoiated to (27) is invariant under the full BMS group.
This dierene is thus reeted in the onstrution of the hamiltonian whih
depends on the sympleti form and on the generators of the symmetry

























(x)]φλ(x), a = 1, ..., 10 (29)
where x is a point over the orbit and where in the rst expression we have an
innite number of possible Hamiltonian funtions due to super-translations
whereas in the Poinaré senario the number is nite .




whereas the Hamiltonian is onstruted with the generators of
the Lie algebra of the full G group. Let us thus hoose a basis {ζa} for the
Lie algebra of G and let us extrat a subset whih is a basis for the algebra



















where in the rst two equalities we use the denition of Lie derivative and




. This translates in our senario in the anellation in the hamil-
tonian of all the ontributes respetively from SU(2) ⋉ T 4 for the Poinaré
group and from SU(2)⋉N for the BMS group. Considering also the previous
remarks on the xed point for the BMS group, the possible hamiltonians are













In the BMS group, massless elds are assoiated with Γ the double over of
the SO(2) little group whereas in the Poinaré ase we deal with the non
ompat E(2) group.
In the BMS ase the situation is therefore rather similar to the SU(2) little




∼ ℜ3 × S2 →Hs, (31)
where Hs = L2(SL(2,C)Γ ) ⊗ Hs. These wave funtions transform under a
representation of the full SL(2,C) group and the equations of motions redue
the arrier spae Hs to a sub-Hilbert spae arrying representations of the
SO(2) little group whih is one-dimensional. The equations of motion an
be represented as the usual ortho-projetion:
π(φ)ψ(φ) = ψ(φ),
where φ is a point in L2(S2) lying on the orbit O = SL(2,C)Γ . Massless parti-
les an then be onsidered as the ovariant wave equations (31) satisfying
the above equations of motions (for details we refer to [1℄, [43℄).
Considering as usual the ovariant desription, the phase spae for BMS










and π(φ)ψ(φ) = ψ(φ)
}
(32)
The ovariant phase spae for massless partiles is a sympleti spae with a
sympleti form idential to (23) and thus, following the same onstrution as














so(2) and dµ is the natural measure on O (see the appendix of
[20℄).
This hamiltonian is rather similar to (30) sine it is onstruted in a similar
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way but there is a main dierene sine the wave equations live now on a
ve dimensional manifold.
This is in sharp ontrast with massless partiles transforming under a Pon-
aré representation and living in a three dimensional variety; the main reason
for this dierene is related to the innite dimensional nature of the BMS
group.
Atually the homogeneous manifold
SL(2,C)
SO(2) is onstruted through the a-
tion of the full BMS group on a point p = p(θ, ϕ) in L2(S2) xed under the
ation of the isotropy group Γ. As shown in [21] the point p has the form
p(θ, ϕ) = p0 + p3 cos θ + α(θ), (34)
where α(θ) is a pure super-translation. If we projet onto the pure trans-
lational part [20℄ we an extrat the four momentum pµ = (p0, 0, 0, p3) and
imposing p20 − p
2
3 = 0 we selet only the massless partiles in the SO(2)
desription. Nonetheless we have a ompletely dierent behavior from the
Poinaré ase where the four momentum p¯µ = (p0, 0, 0, p0) is the xed point
of the little group E(2) thus onstraining the massless partile to live on
a three dimensional spae generated by
SL(2,C)
E(2) ; the main reason for this
disrepany is fully enoded in the pure super-translational part α(θ) of the
xed point whih is responsible of the "redution" of the isotropy group from
E(2) to SO(2). This does not hold for massive SU(2) partiles sine in this
ase the xed point on the orbit for the BMS group is given by a onstant
funtion p(θ, ϕ) = m and the pure super-translational part is always identi-
ally vanishing.
Furthermore, reall that in the Poinaré ase, the desription of massless
partiles is rather subtle sine a diret appliation of the Makey indution
theory assoiates the physially relevant massless wave funtions to the (un-
faithful) representations of the E(2) = SO(2)⋉T 2 group. Thus the partiles





xed point is the four-momentum pµ = (p0, 0, 0, p0) but the non ompat na-
ture of E(2) prevents us to write the equations of motion as an Hilbert spae
ortho-projetion as in the BMS massless ase. Instead we have two options:
in the rst one we start with a wave equation living on the orbit of the
little group but transforming under a ovariant representation U0,+,(j,j) of












This is the spae of gauge degrees of freedom and although it is a sympleti
spae, we are de fato interested in the spae of physial degrees of freedom
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whih is given by those elds arrying the SO(2) unitary representations
U0,+,j ⊕U0,+,−j (here j is the value of the heliity for the massless partile).














where ∼ is the equivalene relation
ψµ1...µj ∼ ψµ1...µj + pµjλµ1...µj−1(p),
and where λ(p) is a tensor of rank j − 1.
At a level of sympleti phase spae, the gauge degrees of freedom an
be modded out through Marsden-Weinstein sympleti redution. The ad-
vantage of this approah [35℄ is that we start diretly from the sympleti
ovariant phase spae (35) (endowed with its natural sympleti form) and
we end up with the spae of physial degrees of freedom (36) whih a-
quires a sympleti struture diretly from H. Thus, to eah generator of
ζa ∈
SL(2,C)












where Ω is the sympleti form on Hphys and
d3p
p0
is the natural measure on
SL(2,C)
E(2) .
Therefore although both in BMS and Poinaré ases the wave equations
transform under the SO(2) group and for this reason the arrier Hilbert
spae (i.e. C) is the same, in the BMS ase the partile does not live on
the three dimensional manifold S2 × ℜ but in the ve dimensional variety
S2 ×ℜ3 embedded in L2(S2) and this is (again!) a pure super-translational
"eet".
Nonetheless a loser relation between BMS and Poinaré massless parti-
les an be found if we analyze more in detail the former. In partiular, as
we mentioned before, the orbit where the elds live is onstruted applying
the elements of the group
SL(2,C)
Γ to the xed point (34) p¯(θ, ϕ) ∈ L
2(S2).
Notie that the funtion (34) has been expanded in spherial harmonis and
that the funtion α(θ) onsists only on the sum over all the Ylm(θ, ϕ) terms
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with l > 1. Let us now onsider the map π whih extrats the Poinaré four
momentum from eah element in L2(S2) i.e.
π : OBMS → OP , (38)
where OP is a Poinaré orbit. Sine the square mass is a Casimir invariant
labelling OBMS , eah point in a BMS orbit is mapped in the same Poinaré
orbit. In the spei example of the (double over of) SO(2) BMS-little
group, the map π applied to the xed point gives the four momentum pµ =
(p0, 0, 0, p3) whih lies on a massive or massless Poinaré orbit depending on
the value of p3. Sine we are interested in massless elds, we hoose p3 = p0
whih implies that the BMS orbit for the Γ group is fully determined upon
the hoie of the energy p0 and of α(θ). Moreover, if we remember that
for the BMS SU(2) massive little group, the xed point was the onstant
funtion p(θ, ϕ) = m thus with a vanishing super-translation part and that in
this senario there is a full orrespondene between the dynami of boundary
and bulk massive SU(2) elds, let us onsider also in the massless BMS ase
the speial ase of an orbit with vanishing super-translation i.e. α(θ) =
0. Needless to say that, sine there are as many hoies as funtions α(θ)
invariants under the ation of the SO(2) group, we are free to hoose a
vanishing super-translational part in the xed point. In this ase the orbit
is generated by the ation of
SL(2,C)
Γ on p¯(θ, ϕ) = p0(1+cos θ) = p0[Y00(ϕ)+
Y10(θ, ϕ)] but it is known (see hapter 4.15 in [7℄ and hapter 9.8 in [44℄)
that the set of the rst four spherial harmonis transform among themselves
under the onformal motions of the sphere i.e. the group SL(2,C). This
result applies as well for the oset group
SL(2,C)
















1−1. Thus ultimately the
orbit is spanned only by three parameters and the projetion map (38) on
the Poinaré orbit is a one to one orrespondene whih grant us that (39)





Thus if we perform the above partiular hoie we ultimately end up with
a massless partile living on an orbit ℜ × S2 where the two translational
degrees of freedom in exess respet to the Poinaré senario have vanished.
At level of BMS elds a naive translation of this reasoning lead us to dene
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In this way we an dene a massless eld living in the same orbit as the
bulk Poinaré eld and transforming naturally under a representation of the
SO(2) group without having to mod out any sort of gauge degrees of freedom.
The above disussion from one side naturally desribes in a BMS language
the disreteness of the heliity quantum number for a massless eld and from
the other side grants that the Hamiltonian assoiated to the above funtion
ψ is by onstrution idential to (37).
8 Conluding remarks
The philosophy followed in this paper is to assume the existene of a S-matrix
and examine the onsequenes.
We have onsidered the emergene of the IR setors in the ase of the gravi-
tational eld and their interpretation in term of BMS representation theory.
We have analyzed the extremely ompliated mapping bulk-boundary sym-
metries, whih remains quite not universal. The situation is denitively
muh more ompliated w.r.t to AdS/CFT, where the bulk isometry group
is exatly the onformal group ating on the boundary. This in turn implies
diulties in building a ditionary bulk-boundary at the level of elds, due
to the plethora(!) of boundary elds.
We have nally onstruted some preliminary building bloks of a andidate
boundary theory invariant w.r.t to the BMS group. We have seen similarities
and dierenes ompared to the Poinaré ase and observed that they are
onneted with purely super-translation eets in most ases.
An interesting following step would be to onstrut the analogue of the OPE
for these elds and see if, at least in a formally, one an have a denition of
a CFT or similar
10
. Clearly this theory (or "struture X" as Witten alls it
10
As pointed out by the Referee it is the onformal group whih is usually assoiated
with the dual holographi desription. An interesting suggestion along these lines omes
from Banks [47℄: the BMS algebra, as remarked, is the semidiret produt of vetor elds
of the form f(Ω)∂u with f arbitrary funtion of the sphere and the onformal algebra of the
sphere. Now, in d=4 the onformal algebra is nothing else that the innite dimensional
Virasoro algebra. So Banks onjetures that the orret symmetry algebra of the putative
boundary theory is this large extension of the BMS algebra, or even some subalgebra,
like the one in whih f is restrited to the sum of a holomorphi and anti-holomorphi
funtion on the sphere. We onsider this an interesting proposal but we were not able to
make progress along this diretion.
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[12℄) living on ℑ will have some unusual properties due to the degeneray of
the manifold. It would be also interesting to reonsider our previous disus-
sions in the super-symmetri ase (see [48℄ for some disussion on BMS and
SUSY). For the onstrution of the S-matrix itself it might be useful to use
tehniques from twistor
11
or H-spaes [49℄. We leave these topis for future
investigation.
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